NILPOTENT ORBITS IN CLASSICAL LIE ALGEBRAS OVER F 2 
AND THE SPRINGER CORRESPONDENCE 
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Abstract. We give the number of nilpotent orbits in the Lie algebras of 
orthogonal groups under the adjoint action of the groups over F2" . Let G 
be an adjoint algebraic group of type B,C or D defined over an algebraically 
closed field of characteristic 2. We construct the Springer correspondence for 
the nilpotent variety in the Lie algebra of G. 



Introduction 

Throughout this paper, k denotes an algebraically closed field of characteristic 
2, F g denotes a finite field of characteristic 2 and F g denotes an algebraic closure 
ofF,. 

In pQ , Hesselink determines the nilpotent orbits in classical Lie algebras under the 
adjoint action of classical groups over k. In [2J, Spaltenstein gives a parametrization 
of these nilpotent orbits by pairs of partitions. We extend Hesselink's method to 
study the nilpotent orbits in the Lie algebras of orthogonal groups over F q . Using 
this extension and Spaltenstein's parametrization we obtain the number of the 
nilpotent orbits over F q . 

Let G be a connected reductive algebraic group over an algebraically closed field 
and q be the Lie algebra of G. When the characteristic of the field is large enough, 
Springer [3] constructs representations of the Weyl group of G which are related 
to the nilpotent G-orbits in g. Lusztig [lj constructs the generalized Springer cor- 
respondence which is valid in all characteristics. Let G a d be an adjoint algebraic 
group of type B, C or D over k and Q a d be the Lie algebra of G a d- We use a similar 
construction as in [H[S] to give the Springer correspondence for Q ad . Let M a d be the 
set of all pairs (c, J 7 ) where c is a nilpotent G a[ j-orbit in Q a d and T is an irreducible 
God-equivariant local system on c (up to isomorphism). We construct a bijective 
map from the set of isomorphism classes of irreducible representations of the Weyl 
group of G a d to the set N a d- In the case of symplectic group a Springer correspon- 
dence (with a different definition than ours) has been established in [6] ; in that case 
centralizers of the nilpotent elements are connected [2j. A complicating feature in 
the orthogonal case is the existence of non-trivial equivariant local systems on a 
nilpotent orbit. 

Hesselink's classification of nilpotent orbits over an algebraically 
closed field 

We recall Hesselink's results about orthogonal groups in this section. 

Let K be a field of characteristic 2, not necessarily algebraically closed. A form 
space V is a finite dimensional vector space over IK equipped with a quadratic form 
Q : V -> K. Let (•,•): V X V -* K be the bilinear form (v,w) = Q(v + w) + 
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Q(v) + Q(w). Let V 1 - = {v £ V\(v,w) = 0,V w £ V}. V is called non-defective if 
V 1 - = {0}, otherwise, it is called defective. V is called non-degenerate if V ^ {0}, 
dim(V ) < 1 and Q(v) ^ for all non-zero v £ V . 

Let V be a non-degenerate form space of dimension N over K. Define the 
orthogonal group 0(V) to be {g G GL(V)\Q(gv) = Q(v), V n £ V} and define 
o(V) to be {a; G End(V)\{xv,v) = 0, V v £ V and tr(i) = 0}. We write Ojv(K) = 
O(V) and Oat(K) = o(T^) when we need not to specify V. In the case where K 
is algebraically closed let SO(V) be the identity component of 0(V) and write 
S0Ar(IK) = SO(V). 

An element in o(V) is nilpotent if and only if it is nilpotent in End(V). Let T be 
a nilpotent element in o(V). There exists a unique sequence of integers p% > • • • > 
p s > 1 and a family of vectors ui, . . . ,v s such that T Pi Vi = and the vectors T qi i>i, 
< qi <Pi — l form a basis of V. We write p(V, T) = (pi, . . . ,p s ). Define the index 
function x(V,T) : N -> Z by x(V,T)(m) = min{fc > 0\T m v = Q(T fe w) = 0}. 

Define a form module to be a pair (V, T) where V is a non-degenerate form space 
and T is a nilpotent element in o(V). To study the nilpotent 0(F)-orbits in o(V) is 
equivalent to classify the form modules (V,T) on the form space V. Let A = K[[i]] 
and regard (V, T) as an A-module by (X) a n^")'f = ^2a n T n v. In order to classify 
the form modules, Hesselink identifies a form module (V, T) with an abstract form 
module (V, ip, ip) (for definition see [T]) via (p : V xV ^ E, (v, w) i— > '^2{t n v 1 w)t~ n 
and ^ : V — > £7o, i> i— > X) Q{t n v)t~ 2n , where £7 is the vector space spanned by 
the linear functionals t~ n : A — > K, J2 a i^ a «> n — 0> an d is the subspace 
Sn>o IK^ 2 ™- is considered as an A-module by (au)(b) = u{ab) for a, b £ A, u £ 
-E 1 . We write V = (V, ip) for simplicity. Define = minjfc > 0\t k v = 0} for an 
element v in the A- module V (or E). 

A form module V is called indecomposable if for every orthogonal decomposition 

V = V\ @ V2 we have Vi = or V2 = 0. Every form module V has an orthogonal 
decomposition into indecomposable submodules V = ®^ =1 Vi. To classify the form 
modules, the indecomposable ones are classified first. 

Proposition 1 ([I]). Let V be a non-degenerate indecomposable form module. 
There exist v\,V2 £ V such that V — Av% © Avi and \l{v\) > fJ>(v2)- Put m = 
/j.(vi),m' — [i(v2),& — Lp{v\,V2) and = ?/>(t>i). One of the following conditions 
holds: 

(i) to' = = to, ju(^i) < 2m — 1; 

(ii) m' = = to - 1, jtx^i) = 2m — 1 > m(*2)- 

Conversely, let m £ N, m' £ N U {0}, $ £ 2?, ^1,^2 £ -E &e ffiwen satisfying (i) 
or (ii). £/p to a canonical isomorphism there exists a unique form module V — 
Avi © Av2 with m = /j,(vx),rn' — n(v2), $ = ^(^1,^2) and ^ \ = ip(vi). This form 
module is non-degenerate and indecomposable. 

Now assume K is algebraically closed. The form modules over K are classified 
as follows. Let V — (V,T) be a non-degenerate from module with p(V, T) = 
(Ai, . . . , Ai, . . . , Afc, . . . , Afc) where Ai > • • • > A^ > 1 and index function \ — 
x(V,T). Let irii £ N be the multiplicity of Aj in p(V, T). The isomorphism class of 

V is determined by the symbol 

Wr) = (Ai)^,(A 9 )^ Al) .-.(A ll )^ ) . 
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A symbol S is the symbol of an isomorphism class of non-degenerate form modules 
if and only if it satisfies the following conditions 

(i) x(\) > x(A*+i) and \. t - x(Ai) > Xi+i - x(A* + i), for i = 1, . . . , fc - 1; 

(ii) if <x(Ai)<Ai, fori = l,...,A;; 

(hi) x(K) — Aj if m, is odd, for i = 1, . . . , k; 

(iv) {Ai|m,j odd } = {m, m-l}nN for some m G Z. 

In the following we denote by a symbol either a form module in the isomorphism 
class or the corresponding nilpotent orbit. 

Isomorphism classes of form modules and nilpotent orbits over F q 

Note that the classification of the indecomposable modules (Proposition [T|) is 
still valid. Similar to [1] Section 3.5, we first normalize the non-degenerate inde- 
composable form modules over F q . 

Proposition 2. Fix an element S in F q such that S ^ {x + x 2 \x € F q }. The 
non-degenerate indecomposable form modules over F q are 

(i) W?(m) = Av x (B Av 2 , I 12 ^-] < I < m, with ^{v x ) = n(v 2 ) = m, ^(ui) = 
t 2 - 2l ,%j}{v 2 ) = and <f{vi,v 2 ) = t 1 -" 1 ; 

(ii) Wf{m) = Av 1 ®Av 2 , < I < m, with ^(v x ) = n(v 2 ) = m, ^(^i) = t 2 ~ 21 , 
tf;(v 2 ) = St 2l - 2m and <p(vi,v 2 ) = t^ m ; 

(iii) D{m) = Av\@Av 2 with n(v\) = m,n(v 2 ) = m—1, ip(vi) = t 2 ~ 2m , tp(v 2 ) = 
and (p(vi,v 2 ) — t 2 ~ m . 

Let V be a non-degenerate form space over F q . An isomorphism class of form 
modules on V over F q may decompose into several isomorphism classes over F q . 

Proposition 3. Let W be a form module (Ai)™ ( 1 Al) (A 2 )™ ( 2 A2) • • • (A fe )™ ( fc Afe) on the 
form space V . Denote by n\ the cardinality of {1 < i < k — 1 |x(A^) + x(Ai+i) < 
Aj, x(Ai) 7^ Ai/2} and by n 2 the cardinality of {1 < i < k\x{\i) + x(Aj+i) < 
Ai, x(Ai) ^ A l /2} (here define x(A fc+i ) = 0). 

(i) // V is defective, the isomorphism class of W over F q decomposes into 2™ 1 
isomorphism classes over F q . 

(ii) // V is non- defective, the isomorphism class of W over F q decomposes into 
2™ 2 isomorphism classes over F q . 

Note that we have two types of non-defective form spaces of dimension 2n over 
Fq, V + with a quadratic form of Witt index n and V" with a quadratic form of 
Witt index n-1. We denote 0(V+) (0(V - )) by 0^ n (F q ) ( 2n (F q )) and o(V+) 
(o(V-)) by o+ (F„) (o 2n (F q )) respectively Let SO+ n (F q ) = 0+ n (F q ) H S0 2n (F q ). 

Corollary 4. (i) The nilpotent 2n+1 (F q )- orbit • • • (A fc )™ (Afc) ino 2n+1 (F q ) 

decomposes into 2™ 1 2n +i(F q )-orbits in o 2n +i(F q ). 

(ii) Ifx(K) = Xi/2,i= l,...,k, the nilpotent 2n {F q )- orbit (Ai)™ 1 ^ ■ • ■ (A fe )™ (Aj , 
in o 2n (F q ) remains one 02 n {F q )-orbit in o^" n (F g ); otherwise, it decomposes into 
2,12-1 0+ n (F q )-orbits in o+ n (F q ) and T 1 ^ 1 2n {F q )- orbits in o 2n {F q ). 

Here n\,n 2 are as in Proposition^ 

Remark 5. If x(Aj) = A.^/2 ,i = 1, . . . , k, then n is even. If x(Aj) ^ A;/2 for some 
i, then n 2 > 1. 

Using Corollary 21 we can give a bijective proof of the following proposition. 
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Proposition 6. (i) The number of nilpotent 02n+i(F q ) -orbits in 02n+i{F q ) is 
P2(n). 

(ii) The number of nilpotent 02 n (F q )- orbits in 02 n {F q ) is ^P2(n) if n is odd and 

is 2~(p2(n) +p(f )) if n is even. 

Here P2(k) is the number of pairs of partitions (a, (3) such that \a\ + |/3| = k and 
p(k) is the number of partitions of the integer k. 

Corollary 7. The number of nilpotent SC>2 n {F q )- orbits in 02 n (F q ) is ^p2(n) if n 
is odd and is ^p2(n) + §_p(§) if n is even. 

Let G = SOnO<). The Lie algebra g of G is OAr(k). Let N be the set of all pairs 
(c, J-) where c is a nilpotent G-orbit in g and J- is an irreducible G-equivariant local 
system on c (up to isomorphism). Let a be the number of irreducible representations 
of the Weyl group W of G. We show that the number of elements in TV is equal to 
a. To see this we can assume k = F 2 . In this case for q a power of 2, let G(F q ), 
g(F q ) be the fixed points of a split Frobenius map $ q relative to F q on G, g. From 
Proposition [5] (i) and Corollary [7] we see that the number of nilpotent G(F g )-orbits 
in g(F g ) is equal to a. Pick representatives xi, • ■ • , xm for the nilpotent G-orbits 
in g. If g is large enough, the Frobenius map $ q keeps Xi fixed and acts trivially on 
Zc(xi) / Z^Xi). Then the number of G(F g )-orbits in the G-orbit of Xi is equal to 
the number of irreducible representations of Zq{xi) / 'Z^Xi) hence to the number 
of G-equivariant irreducible local systems on the G-orbit of Xi. 

Assume G ae i is an adjoint group over k of the same type as G and g a d is the 
Lie algebra of G ad . Let G ad (F q ), g a d(F q ) be defined like G{F q ), g(F g ). The Lie 
algebra Q ac i is not isomorphic to g. But the number of nilpotent G Q d(F g )-orbits 
in Qad(F q ) is the same as the number of nilpotent G(F 9 )-orbits in fl(F g ). In fact, 
we have a morphism G — > G ac i which is an isomorphism of abstract groups and an 
obvious bijective morphism IA — > ti a d between the nilpotent variety U of g and the 
nilpotent variety ti a d of Q ad - Thus the nilpotent orbits in g and Q ad are in bijection 
and the corresponding component groups of centralizers are isomorphic. It follows 
that the number of elements in J\f a d (as in the introduction) is equal to the number 
of elements in TV. 

Note that the argument in the last two paragraphs also applies for the symplectic 
group. 

Springer correspondence 

Assume G a d is an adjoint group of type B r , C r or D r over k and g a d is the Lie 
algebra of G a d- Let N ad be as in the introduction. We give the Springer correspon- 
dence for Q a d. The following lemma plays an important role in our construction. 

Lemma 8. There exist regular semisimple elements in Q ad and they form an open 
dense subset in g a( j. 

Remark 9. This lemma is not always true if the group is not adjoint. 

Fix a Borel subgroup B and a maximal torus T C B in G a d- Let W = 
Na ad {T)/T be a Weyl group of G ad - Denote the Lie algebra of B by b and the 
Lie algebra of T by I. Let to be the set of regular elements in t and Y be the set 
of regular semisimple elements in g ad - By Lemma [8j the closure Y of Y in g a d 
is gad- Let Y = {(x,gT) e Y x Gad/TlAdig-^x) g to}. Define tt : Y -> Y by 
7r(x, gT) = x. We have that ir is a principal LF-bundle, hence 7nQ z ^ is a well defined 
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local system on Y and thus the intersection cohomology complex IC(g a d, TriQjy-) is 
well defined. Let X — {(x,gB) G g ad x G a d/B\Ad(g~ 1 )x G b}. Define p : X — ► g Qd 
by <p(x,gB) = x. 

Proposition 10. ipiQix is canonically isomorphic to IC(Q a d, TnQryO- 

We have End^iQ/x) = EndfrnQ^) = Q/[W]. Let 1¥ be a set of represen- 
tatives for the isomorphism classes of simple W^-modules. We have a canonical 
decomposition ipiQix = 0p 6 ^(p<H) (<p\Qix)p)- Set Y u = {x G ?|a; nilpotent}. 

Theorem 11. Lei do = dimG a( j — dimT. For any p G W, there is a unique 
(c,J-) G M a d such that (p\Qix)p\y^[^o] is -TC(c, .F) [dim c] regarded as a simple 
perverse sheaf on Y w (zero outside c), where c is the closure of c in Y^ . Moreover, 
p <— > (c, T) defines a bijective map 7 : W — > M a d- 

A corollary is that in this case there are no cuspidal local systems similarly 
defined as in [4]. This result does not extend to exceptional Lie algebras. (In type 
F4, characteristic 2, the results of [7j suggest that a cuspidal local system exists on 
a nilpotent class.) 
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